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^SJ ' Abstract 



The main purpose of this paper is to prove that the extensions of a 



rvq . nilpotent block algebra and its Glauberman correspondent block alge- 

bra are Morita equivalent under an additional group-theoretic condi- 
C^ . tion (see Theorem 1.6); in particular, Harris and Linckelman's theorem 

and Koshitani and Michler's theorem are covered (see Theorems 7.5 
and 7.6). The ingredient to carry out our purpose is the two main 
results in Kiilshammer and Puig's work Extensions of nilpotent blocks; 
we actually revisited them, giving completely new proofs of both and 
slightly improving the second one (see Theorems 3.5 and 3.14). 



1. Introduction 



o 

J^ ! I'l- Let O be a complete discrete valuation ring with an algebraically 

closed residue field k of characteristic p and a quotient field /C of character- 
istic 0. In addition, /C is also assumed to be big enough for all finite groups 
that we consider below. Let H he a finite group. We denote by Irr^(i7) 
jfT I the set of all irreducible characters of H over /C. Let A be another finite 

^vq ' group and assume that there is a group homomorphism A -^ Aut{H). Such 

C3 . a group H with an ^-action is called an ^-group. We denote by H the 

subgroup of all A-fixed elements in H. Clearly A acts on lTrjc{H). We de- 
note by Ivvjc{H) the set of all j4-fixed elements in 1ttx:{H). Assume that A 
psj ■ is solvable and the order of A is coprime to the order of H. By [11, Theorem 

13.1], there is a bijection 






C^ . such that 



TiiH, A) : Irr^(i7)^ ^ Irr^(^^) 



1.1.1. For any normal subgroup B of A, the bijection tt{H, B) maps 
1ii]q{H)^ to liiic{H^)^ , and in Irr^(i?)^ we have 



7r(F, A) = TviH^, A/B) o 7r(F, B) . 
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1.1.2. If A is a g-group for some prime q, then for any x £ ^^^k{H) , the 
corresponding irreducible character 7r{H, A){x) of G is the unique irre- 
ducible constituent of Res^:^^ (x) occurring with a multiplicity coprime to q. 

The character it{H, A){x) oi H^ is called the Glauherman correspondent of 
the character x of H. 

1.2. For any central idempotent c of OH^ we denote by lrri^{H, c) the set 
of all irreducible characters of H provided by some /CiJc-module. Let 6 be a 
block oi H — namely 6 is a primitive central idempotent of OH ; then OHb 
is called the block algebra corresponding to b. Assume that A stabilizes the 
block b and centralizes a defect group of b. Then, by [26, Proposition 1 and 
Theorem 1] , A stabilizes all characters of Irr/^ (H, b) and there is a unique 
block w{b) of 0{H^) such that 

Irr;c(i^^, w{b)) = 7t{H, A){Itt,c{H, 6)) ; 

moreover , there is a perfect isometry (see [6]) 

R'H:nK{H,b)^nK{H^,w{b)) 

such that R\j{x) = i7r(i?, A){x) for any x ^ ^^^lc{H,b), where we denote 
by TZic{H, b) and TZ]c{H^, w{b)) the additive groups generated by 1vt]c{H, b) 
and Irrx:(-ff , w{b)). Such a block w{b) is called the Glauberman correspon- 
dent of b (see [26]). Since a perfect isometry between blocks is often nothing 
but the character-theoretic 'shadow' of a derived equivalence, it seems rea- 
sonable to ask whether there is a derived equivalence between a block and its 
Glauberman correspondent. In the last few years, some Morita equivalences 
between b and w{b) were found in the cases where H is j»-solvable or the de- 
fect groups of b are normal in H, which supply Glauberman correspondences 
from Irrfc{H, b) to lrTfc{H'^, w{b)) (see [9], [12] and [10]); moreover, all these 
Morita equivalences between b and w{b) are basic in the sense of [20]. 

1.3. By induction, the groups H and H and the blocks b and w{b) in the 
main results of [9], [12] and [10] can be reduced to the situation where, for 
some yl-stable normal subgroup K of H , we have H = H -K , the block 
b is an H-stable block of K with trivial or central defect group, and the 
block w{b) is an i7 -stable block of K with trivial or central defect group. 
Recall that the block b of H is called nilpotent (see [18]) if the quotient 
group NH{Re)/CH{R) is ap-group for any local pointed group Re on OHb. 
Blocks with trivial or central defect group are nilpotent and therefore in 



these situations OHb and 0{H )w{h) are extensions of the nilpotent block 
algebras OKb and OK w{b) respectively. Kiilshaninier and Puig already 
precisely described the algebraic structure of extensions of nilpotent block 
algebras (see [14] or Section 3 below) and these results can be applied to 
blocks of p-solvable groups (see [19]) and to blocks with normal defect groups 
(see [24, 13]). Thus, it is reasonable to seek a common generalization of the 
main results of [9, 12, 10] in the setting of extensions of nilpotent block 
algebras. 

1.4. Let G be another finite ^-group having H as an A-stable normal 
subgroup and consider the A-action on H induced by the A-group G. We 
assume that A stabilizes h and denote by N the stabilizer of b in G. Clearly 
N is yl-stable. Set 

c = Tr^(6) and a = {c} ; 

then the idempotent c is ^-stable and a is an ^-stable point of G on the 
group algebra OH (the action of G on OH is induced by conjugation). In 
particular, Ga is a pointed group on OH. Let P be a defect group of Ga ; 
then, by [14, Proposition 5.3], Q = P r\ H \s a, defect group of the block b 
oiH. 

Theorem 1.5. Assume that A centralizes P, that A is solvable and that the 
orders of G and A are coprime. Set w{c) = Ti^A{w{b)) and w{a) = {w{c)}. 
Then, w{a) is a point of G on the group algebra 0{H ) and P is a defect 
group of the pointed group (G )„,(q) on 0{H ) . Moreover, if G = H-G 
and the block b of H is nilpotent, we have 

Ivt,c(.G,c)=1tik{G,c)^ and7r{G,A){lTT,c{G,c))=lvv^{G^,w{c)). 

The following theorem shows that there is a ^^basic" Morita equivalence 
between OGc and OG w{c); that is to say, this Morita equivalence induces 
basic Morita equivalences [20] between corresponding block algebras. 

Theorem 1.6. Assume that A centralizes P, that A is solvable and that the 
orders of G and A are coprime. Set w{c) = Tr^A(u'(6)). Assume that G = 
G^-H and that the block b is nilpotent. Then, there is an 0{H x H^) -module 
M inducing a basic Morita equivalence between OHb and 0{H^)w{b) , which 
can be extended to the inverse image K in NxN^ of the "diagonal" subgroup 
ofN/HxN'^/H'^ in such a way that Ind'^^'^'^ (M) induces a "basic" Morita 
equivalence between OGc and 0{G )w{c). 



Remark 1.7. Since G = H-G , we have N = H-N and then the inclu- 
sion A^ C N induces a group isomorphism N/H = N /H . 

We use pointed groups introduced by Lluis Puig. For more details on 
pointed groups, readers can see [15] or Paragraph 2.5 below. In Section 2, 
we introduce some notation and terminology. Section 3 revisits Kiilshammer 
and Puig's main results on extensions of nilpotent blocks; the proof of the 
existence and uniqueness of the finite group L (see [14, Theorem 1.8] and 
Theorem 3.5 below) is dramatically simplified; actually. Corollary 3.14 be- 
low slightly improves [14, Theorem 1.12]; explicitly, S^ in Corollary 3.14 
is unique up to determinant one. With the Glauberman correspondents of 
blocks due to Watanabe, in Section 4 we define Glauberman correspondents 
of extensions of blocks and compare the local structures of extensions of 
blocks and their Glauberman correspondents. 

By Puig's structure theorem of nilpotent blocks, there is a bijection 
between the sets of irreducible characters of the nilpotent block b oi H and 
of its defect Q] in Section 5, for a suitable local point 5 of Q , we prove that 
this bijection preserves A''G'(<55)-actions on these sets. As a consequence, 
we obtain an NG{Qs)-sidh\e irreducible character x oi H such that x lifts 
the unique irreducible Brauer character of the nilpotent block b oi H and 
that the Glauberman correspondent character ■7r{H,A){x) lifts the unique 
irreducible Brauer character of the Glauberman correspondent block w{b) 
of H (see Lemma 5.6). 

Obviously, N stabilizes the unique simple module in the nilpotent block 
b of H; with this iV-stable Oi^fe-simple module, we construct an A-stable 

~ k A 

k* -group N (see 2.3 and 3.13 below); since N stabilizes the unique simple 

— k 
module of the nilpotent block w{b) of H , a k* -group N^ is similarly 



-k 



constructed. In Section 6, we prove that N^ and {N ) are isomorphic as 
fc*-groups (see Theorem 6.4). In Section 7, we use the improved version of 
Kiilshammer and Puig's main result to prove our main theorem 1.6. 



2. Notation and terminology 

2.1. Throughout this paper, all O-modules are O-free finitely generated 
— except in 2.4 below; all O-algebras have identity elements, but their 
subalgebras need not have the same identity element. Let A be an O- 
algebra; we denote by A° , A*, Z{A), J{A) and 1^ the opposite O-algebra 
of A , the multiplicative group of all invertible elements of A, the center of A, 
the radical of A and the identity element of A respectively. Sometimes we 
write 1 instead of 1^ . For any abelian group V, idv denotes the identity 
automorphism on V. Let B be an O-algebra; a homomorphism J^ : A ^ B 
of O-algebras is said to be an embedding if J-" is injective and we have 

J^{A) = T{1a)BHU) ■ 

Let 5 be a set and G be a group acting on S. For any g & G and s G S*, we 
write the action of g on s as s-g. 

2.2. Let X be a finite group. An X-interior O-algebra A is an O-algebra 
A endowed with a group homomorphism p : X —?■ A*; for any x,y a X 
and a € ^, we write p{x)ap{y) as x-a-y or xay if there is no confusion. 
Let g : Y —^ X he a group homomorphism; the O-algebra A with the 
group homomorphism p o g : Y —?■ A* is an y-interior O-algebra and we 
denote it by Resg(^). Let A' be another X-interior O-algebra; an O-algebra 
homomorphism J^ : ^ ^^ ^' is said to be a homomorphism of X-interior 
O-algebras if for any x,y G X and any a G ^, we have T{xay) = xT{a)y. 
The tensor product A ^q A' of A and A! is an X-interior O-algebra with 
the group homomorphism 

X ^ {A^oA!)*, X^ xl_A®xl_A' . 

Let Z he a subgroup of X and let B he an OZ-interior algebra. Obviously, 
the left and right multiplications by OZ on B define an {OZ, OZ)-bimodule 
structure on B. Set 

Indf (^) = OX (g)oz B (E)oz OX 

and then this the (OX, OX)-bimodule Ind^ (B) becomes an X-interior O- 
algebra with the product 

{X (S" 6 • yx' -h' (^y' if yx' G Z 
otherwise 



for any x,y,x',y' € X and any b,b' G B , and with the homomorphisni 
OX -^ Ind^ (B) mapping x G X onto ^ xy (E> I (E> y~^, where y runs over 
a set of representatives for left cosets of Z in X. 

2.3. A k*-gToup with fc*-quotient X is a group X endowed with an injec- 
tive group honiomorphism 9 : k* —^ ^{^) together with an isomorphism 
X/0{k*) = X; usuahy we omit to mention 6 and the quotient X = X/9{k*) 
is called the A;*-quotient of X, writing \-x instead of 9{\)x for any \ £ k* 
and any x G X . We denote by Y the inverse image of y in X for any subset Y 
of X and, if no precision is needed, we often denote by x some lifting of an ele- 
ment X € X. We denote by X° the A;*-group with the same underlying group 
X endowed with the group homomorphisni 9^^ : k* — )■ Z{X), A i— )■ ^(A)^"*^. 
Let "i? : Z — 7- X be a group homomorphisni; we denote by Res^(X) the 
A;*-group formed by the group of pairs (x,y) € X x Z such that '^{y) is the 
image of x in X, endowed with the group honiomorphism mapping A G A;* 
on {9{X), 1); up to suitable identifications, Z is the A;*-quotient of Res^(X). 
Let U be another A;*-group with /c*-quotient U. A group honiomorphism 
(/) : X —^ U is a honiomorphism of A;*-groups if (/){X-x) = \-(j){x) for any 
A G /c* and x G X. For more details on /c*-groups, please see [17, §5]. 

2.4. Let X be a /c*-group with fc*-quotient X. By [25, Charpter II, Propo- 
sition 8], there exists a canonical decomposition O* = (1 + J{0)) x k* , thus 
k* can be canonically regarded as a subgroup of O* . Set 

ax = O ®ok* OX , 

where the left OA;*-module OX and the right Ok*-uiodu\e O are defined 
by the left and right multiplication by k* on X and O* respectively. It is 
straightforward to verify that the O-module O^X is an O-algebra with the 
distributive multiplication 

(ai (g) xi)(a2 ® X2) = 0102 (8) X1X2 

for any Oi, 02 G O and any xi, £2 G X. 

2.5. Let A be an X-algebra over O; that is to say, A is endowed with a 
group honiomorphism ip : X —?■ Aut(^), where Aut(^) is the group of all 
O- automorphisms of A ; usually, we omit to mention tp . For any subgroup 
Y of X, we denote by A^ the O-subalgebra of all Y-fixed elements in A. 



A pointed group Yp on A consists of a subgroup Y oi X and of an {A^)*- 
conjugate class (3 of primitive idempotents of Ji^ . We often say that /3 is a 
point of Y on A. Obviously, X acts on the set of all pointed groups on A by 
the equality {YpY = ^Mx-'^MB) ^'^^ ^^ denote by NxiYp) the stabilizer of 
Yp in X for any pointed group Yg on A. Another pointed group Z^ is said 
contained in Yp \i Z < Y and there exist some i € /3 and j G 7 such that 
ij = ji = J- For a subgroup f^ of G, set 



^(t/) = fe®o(^^/^^' 



where V runs over the set of proper subgroups of U and Ay is the image 
of the relative trace map Try : A — ?• ^ ; the canonical surjective homo- 
morphism Br^ : A^ — ?• A{U) is called the Brauer homomorphism of the 
X-algebra A at U. When A is equal to the group algebra OX, the ho- 
momorphism kCx{U) —7- A{U) sending x € Cx{U) onto the image of x in 
A{U) is an isomorphism, through which we identify A{U) with kCx{U). A 
pointed group [/-y on ^ is said local if the image of 7 in ^(f/) is not equal to 
{0} , which forces [/ to be a p-group; then, a local pointed group U^ is said 
a defect pointed group of a pointed group y^ on AiiU^< Yp and we have 
/3 C Tr§(^^-7-^^), where A^ -^-A^ is the ideal of A^ generated by 7. 
Let c be a block of X ; then {c} is a point of X on OX and if P^ is a defect 
pointed group of X{c} then P is a defect group of c. 



3. Extensions of nilpotent blocks revisited 

In this section, we assume that O is a complete discrete valuation ring 
with an algebraically closed residue field of characteristic p. 

3.1. Let G be a finite group, H he a. normal subgroup of G and 6 be a 
block of H over O. Denote by A^ the stabilizer of 6 in G and set N = N/H. 
Obviously, (3 = {b} is a point of H and N on OH and there is a unique 
pointed group Ga on OH such that 

H^<NfS<Ga . 

Let Qs be a defect pointed group of Hjj and P^ be a defect pointed group 
of Njs such that Qs ^ P-y ', by [14, Proposition 5.3], we have Q = POH and, 
since we have [14, 1.7] 



C'GTr^(6) ^lnd%{ONb) 



it is easily checked that P^ is also a defect pointed group of Ga [16, 1.12]. 
Assume that the block h is nilpotent; it follows from [14, Proposition 6.5] 
that b remains a nilpotent block oi H -R for any subgroup Roi P , and from 
[14, Theorem 6.6] that there is a unique local point e of i? on OH such 
that Re <P-y. 

3.2. Set ^ = ONb and B = OHb . Choosing j G 5 and i G 7 such that 
ij = ji = i ) we set 

Ay = {OG)j = iAi, Bj = (OH)^ = iBi and B5 = {OH)s = jBj. 

Then A^ is a P-interior algebra with the group homomorphism P — )■ Al 
mapping u onto ui for any u € P, -B^ is a P-stable subalgebra of A-y and 
Bg is a Q-interior algebra with the group homomorphism Q ^ B^ mapping 
V & Q onto vj for any v £ Q. Clearly A is an A^/ if -graded algebra with the 
x-component OHxb, where x £ N/H and x is a representative of x in N . 
Since i belongs to the 1-component B^ A-y is an N/H-graded algebra with 
the x-component i{OHx)i. 

3.3. In [14] Kiilshammer and Puig describe the structure of any block of 
G lying over b in terms of a new finite group L which need not be involved 
in G [14, Theorem 1.8]. More explicitly, L is a group extension of TV by Q 
holding strong uniqueness properties. In order to prove these properties, in 
[14] the group L is exhibited inside a suitable O-algebra [14, Theorem 8.13], 
demanding a huge effort. But, as a matter of fact, these properties can 
be obtained directly from the so-called local structure of G over OHb , a 
fact that we only have understood recently. Then, with these uniqueness 
properties in hand, the second main result [14, Theorem 1.12] follows quite 
easily. With the notation and framework of [14], we completely develop both 
new proofs. 

3.4. Denote by £(b,H,G) the category — called the extension category asso- 
ciated to G , H and b — where the objects are all the subgroups of P and, 
for any pair of subgroups R and T of P , the morphisms from T to R are 
the pairs (ipxiX) formed by an injective group homomorphism Tp^'-T ^ R 
and an element x of iV both determined by an element x £ N fulfilling 
Tjy < (Re)^ where e and u are the respective local points of R and T on OH 
determined by Py — in general, we should consider the {b,N)-Brauer pairs 
over the p-permutation A^-algebra OHb [5, Definition 1.6 and Theorem 1.8] 
but, in our situation, they coincide with the local pointed groups over this 



A^-algebra. The composition in £(b,H,G) is determined by the composition of 
group homomorphisms and by the product in N . 

Theorem 3.5. There is a triple formed by a finite group L and by two 
group homomorphisms 

3.5.1 t:P — > L and tt : L — > N 

such that T is injective, that tt is surjective, that we have Ker(7f) = t{Q) 
and 7f(r(ii)) = u for any u £ P , and that these homomorphisms induce an 
equivalence of categories 

3-5.2 £{b,H,G) -£(i,t(q),l)- 

Moreover, for another such a triple L' , r' and vf' , there is a group isomor- 
phism X: L = L' , unique up to conjugation, fulfilling 



A o r = r' and vr' o A 



vr . 



Proof: Set Z = Z{Q) , M = NdQs) and £ = £(b,H,G) , denote by £iR,T) 
the set of £^-morphisms from T to R, and write £{R) instead of £{R, R) ; by 
the very definition of the category £ , we have the exact sequence 

1 -^ Ch{Q) ^ M ^ £{Q) -^ 1; 

it is clear that M contains P and that we have Ch{Q) P = Z ; moreover, 
denoting by £p{Q) the image of P in £{Q) , it is easily checked from [14, 
Proposition 5.3] that £p{Q) is a Sylow p-subgroup of £{Q) ■ 

We claim that the element h induced by P in the second cohomology 
group Il^{£p{Q), Z) belongs to the image of M.'^{£{Q), Z) . Indeed, according 
to in [7, Ch. XII, Theorem 10.1], it suffices to prove that, for any subgroup 
R oi P containing Z and any {{px,x) G £{Q) such that 

3.5.3 {V'x,x) o £r{Q) o (c^^, xy^ < £p{Q), 

the restriction res((p^^^) (h) of h via the conjugation by {ipx, x) and the element 
of M.'^(£p{Q), Z) determined by R coincide; actually, we may assume that R 
contains Q . Thus, x normalizes Qs and inclusion 3.5.3 forces 

Ch{Q)-R<{Ch{Q)-PT; 



in particular, respectively denoting by A and fi the points of Ch{Q)-P and 
Ch{Q)-R on OH such that {Ch{Q)-P)x and {Ch{Q)-R)^ contain Qs [18, 
Lemma 3.9], by uniqueness we have 

{Ch{Q)-R)^<{Ch{Q)-P)x 

and, with the notation above, it follows from [14, Proposition 3.5] that P^ 
and Re are defect pointed groups of the respective pointed groups {Ch{Q)-P)\ 
and {CH{Q)-R)n] consequently, there is z G Ch{Q) fulfilling R^ < {P-yY^ 
[15, Theorem 1.2]. That is to say, the conjugation by zx induces a group ho- 
momorphism R —?■ P mapping Z onto Z and inducing the element {ipzx , 'zx) 
of £{P, R) which extends {(px, x) , so that the map 

res(^^,s) : m\£p{Q),Z) -^ m\SRiQ),Z) 

sends h to the element of m'^(£r{Q),Z) determined by R [7, Chap. XIV, 
Theorem 4.2]. 

In particular, the corresponding element of M'^{£[Q), Z) determines a 
group extension 

l^Z ^L^ £{Q) -^ 1 

and, since h £ M.'^{£p{Q), Z) is the image of this element, there is a group 
extension homomorphism t : P —?■ L [7, Chap. XIV, Theorem 4.2]; it is clear 
that T is injective and, since £p{Q) is a Sylow p-subgroup of £{Q) , Im(r) is 
a Sylow p-subgroup of L ; moreover, since N = H -M [15, Theorem 1.2], we 
have 

N ^ M/Ch{Q)-Q = £{Q)/£q{Q); 

in particular, vr determines a group homomorphism n : L —^ N and, since r 
is a group extension homomorphism, we get 7f(r(n)) = u for any u £ P and 
may choose vr in such a way that we have 

3.5.4 yT{v)y~^ = T^ip^iv)) 

for any y £ L and any v (z Q where Tr{y) = {(px,x) for some x G N . Then, 
we claim that, up to a suitable modification of our choice of r , the group 
L endowed with r and vf fulfills the conditions above; set £ = £(i^t(q),l) for 
short. 

For any pair of subgroups R and T of P containing Q , since we have 
HnR = Q = HnT , denoting by e and v the respective local points of R and 



10 



T such that P-y contains R^ and T^, , these local pointed groups contain Qg 
and, in particular, any £^-niorphisni 

{ipx,x) : T — > R 

determines an element {(px,x) oi £{Q) fulfilling 

Thus, for any y (z L such that 7r(y) = {ipx,x) , we have 

yT{T)y-'<r{R) ; 
more precisely, for any w £ T and any w € Q , from equality 3.5.4 we get 

moreover, since xTx^^ < R, we have 

Tt{yT{w)y^ )=xwx~ = vf ( r(V'x(ii')) ) 
Hence, for any w £ T and a suitable 9x{w) G ^ , we get 
yT{w9x{w))y'^ = t{iI}x{w)) . 

Conversely, since R and T have a unique (local) point on OQ , any 
£^-morphism from T to R induced by an element y of L determines an element 
7r{y) = {ifx, x) of £{Q) , for some x £ N , which still fulfills 

{iPx,x)ogj-{Q)o{ip^^xy^ c£r{Q) ; 

thus, as above, x normalizes Qs and this inclusion forces 

CH{Q)-T<{CH{Q)-Rf ■ 

Once again, respectively denoting by A and /x the points of Ch{Q)-R and 
Ch{Q)-T on OH such that {Ch{Q)-R)x and {Ch{Q)-T)^ contain Qs [18, 
Lemma 3.9], and by e and v the local points of R and T on OH such that 
P^ contains R^ and Ty , it follows from [14, Proposition 3.5] that R^ and 
Ty are defect pointed groups of the respective pointed groups {Ch{Q)-R)\ 
and {Ch{Q)-T) ; since by uniqueness we have 

{Ch(.Q)-T)^<{Ch{Q)-R)x, 

11 



there is z G Ch{Q) fulfilling T^ < {ReY'' [15, Theorem 1.2]. That is to 
say, the conjugation by zx induces a group homomorphism ip^x :T ^ R 
mapping Z onto Z and inducing the element {ipzxj^x) of S{R,T) which 
extends {(px,x) ; hence, as above, for any w (z T and a suitable 9yiw) € Z 
we get 

3.5.5 yT{w0y{w))y~'^ = T{ipzx{w)). 

We claim that, for a suitable choice of r , the elements 6x{w) and 0y{w) 
are always trivial; then, the equivalence of categories 3.5.2 will be an easy 
consequence of the above correspondences. Above, for any y G L such that 
t{T) C T{Ry we have found an element (V'j/,7f(y)) G £{R,T) lifting 7r(y) in 
such a way that, for any w £ T , we have 

3.5.6 TiwOyiw)) = T{ipy{w)y 

for a suitable 0y{w) € Z] note that, according to equality 3.5.4, for any 
V £ Q we have Oy{v) = 1 , and whenever y belongs to t{R) we may choose 
ipy in such a way that 9y{w) = 1 . 

In this situation, for any Wjw' £ T , we get 

T{ww'6y{ww')) = T{ipy{ww')y 

= Ti'4'yiw)yT{ijy{w')f 

= T{wey{w))T{w'6y{w')) 

= T{w9y{w)w'6y{w')) 

= T{ww'9y{w)'"'ey{w')) 

and therefore, since r is injective, we still get 

Oyiww') = OyiwT'eyiw') ', 

in particular, for any z £ Z we have 

In other words, the map 9y determines a Z- valued 1-cocycle from the image 

t of T in A^t{Q) = Out(Q) . 

Actually, the cohomology class 9y of this 1-cocycle does not depend on 
the choice of tpy ; indeed, if another choice ip' determines 9' -.T —?■ Z then we 
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clearly have ipy{T) = ipy{T) and, according to our argument above, there is 
z G Ch{Q) such that 

{T^Y = Ty and ip'y = ipy o Kz , 

where Kz'-T ^ T denotes the conjugation by z ; actually, we still have 

[z,T]<Hr\T = Q . 

But, since T,y is a defect pointed group of {Ch{Q)-T) and, according to 
[4, Theorem 1.2] and [14, Proposition 6.5], /U determines a nilpotent block of 
the group Ch{Q)-T , we have N(j^(^q).t{Tu) = Ch{T)-T . Thus, z belongs 
to Z-Ch{T) and we actually may assume that z belongs to Z . 
In this case, it follows from equality 3.5.6 applied twice that 



T{we'y{w)) = T{^'y{w)f 



= T{'lpy{zWZ~'^)y 

= t{{zwz~ )Oy{zwz~ )) 
for any w (zT and, since 9y{zwz^^) = Oy{w) and r is injective, we get 

e'y{w)ey{wy^ = w~^zwz'^ = {z~'^Tz . 

Consequently, denoting by 7l the category where the objects are the sub- 
groups of t{P) and the set of morphisms 1l{t{R),t(T)) from t(T) to t{R) 
is just the corresponding transporter in L , the correspondence sending an 
element y £ Tl{t{R),t(T)) to the cohomology class 9y of 6y determines a 
map 

Moreover, if [/ is a subgroup of P containing Q and t an element of L ful- 
filling t{U) C t{TY , as above we can choose (-0*, tt (t)) G £(T, U) lifting 7r(i) 
in such a way that, for any u £ U , we have 

T{uet{u)) = T{Mu)f 

for a suitable 6t{u) G Z ; then, the composition {iljy,Tt{y)) o (0j,7f(t)) lifts 
TT{yt) and, for any n € f/ , we may assume that (cf. 3.5.4) 
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T{u9yt{u)) = T{{ll)yOll)i){u)Y^ 

= r(Vt(n)^,(Vt(n)))* 

= T{uet{u))T{ey{Mn)) , 
= T(uet{u)n{t)-^(ey{Mu))] 

finally, since r is injective, using additive notation in Z we get 

eyt{u) = et{u) + T:{t)-Uey{^i,t{u)) 



Hence, denoting by t the image of t in Aut((5) and hy tp^:U —^ T and 
2{t) : Z = Z the corresponding group homoniorphisnis, we get the 1-cocycle 
condition 

3.5.7 eyt = et + m\i;i,z{i)){ey) ; 

in particular, since 0y{w) = whenever y £ t{R) , it is easily checked from 
this condition that 6y only depends on the class of y in the exterior quotient 

fL{T{R),T{T)) = r{R)\TL{T{R),r{T)). 

Thus, respectively denoting hy L , R,T and P the images of L , t{R) , t(T) 
and t{P) in Aut(Q) , the map Oj^j, above admits a factorization 

e^-:fi{R,f)^m\f,z). 

That is to say, let us consider the exterior quotient 7£ of the category 7^ 
and the contravariant functor 

to the category of Abelian groups 2lb mapping T on M^{T, Z) ; then, identi- 
fying the 7^-morphism y € liiR, T) with the obvious 7^-chain Ai — > Tj^ — 
the functor from the category Ai , formed by the objects and 1 and a non- 
identity morphism • 1 from to 1 , mapping on T , 1 on i? and 0*1 on y 
— the family 9 = {Oy}y , where y runs over the set of all the 7^-morphisms, 
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defines a 1-cocycle from ?£ to f)^ since equalities 3.5.7 guarantee tliat the 
differential map sends 9 to zero. 

We claim that this 1-cocycle is a 1-coboundary; indeed, for any sub- 
group R of P , choose a set of representatives Xp^ C L for the set of dou- 
ble classes P\L/R and, for any n G Xj^ , set Rn = RCi P"" , consider the 
T?-morphisms n : Rn — > P and z^ : Rn — ?• R respectively determined by n 
and by the trivial element of L , and denote by 

{i)lU4 )-ii\Rn,z)^m\R,z) 

the corresponding transfer homoniorphism [7, Ch. XII, §8]; then, setting 

we claim that, for any y G TiiR, T) , we have 
3.5.8 ey = af-{\)\{y)){a^) . 

Indeed, note that \)\{y) is the composition of the restriction via the 
T^-morphism 

determined by the trivial element of L , with the conjugation determined 
by y , which we denote by ^\{y*) ; thus, by the corresponding Mackey equal- 
ities [7, Ch. XII, Proposition 9.1], we get 

f)My)(E.ex«((')z;(^l))(4) 



T.neXf,T.feYf,((^zf(^lnrynf^°^U^yWn) , 

where, for any h G X^ , the subset Yn C R is a set of representatives for the 
set of double classes Rn\R/ yT y~^ and, for any f G Yn , we consider the 
T^-niorphisms 

f:P^^r\yfy'^^ Rn and fy : P^^y nf ^ Rn . 
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Moreover, setting m = hry for n € X^ and f G 1^ , since we assume 
that 0f; = , it follows from equality 3.5.7 that 

{^\{fyWn) = efn- Ofy = Ofh - {^Wf. ))(%) ; 

thus, choosing Xf = Un^x- ^^nV •, we get [7, Ch. XII, §8.(6)] 

\P\ 



E ((')^)°(4-))((')kf,))(%) 



niEXj. 



n 

E \T/Tm\ o _ a 
,^^ HTfF "" * ■ 

In particular, for any subgroup i? of P , we get 

^R = (Dz(^J))(^p) 

and the element ap G IHI^(P, Z) can be lifted to a 1-cocycle ap : P ^ Z which 
determines a group automorphism a:P = P mapping u G P on uap{u) 
where u denotes the image of u in P ; moreover, according to equality 3.5.8, 
in 3.5.5 we may choose 

ey{w) = ap{w){TT{y)) [a p{'iljy{w)) 

Hence, replacing r by f = r o a , the maps vr and f still fulfill the conditons 
above and, for any ti; G T , in equality 3.5.6 we get 

T{^y{w)y = T{w9y{w)) 

= t[ w{w'^ (T{w)){'K{y)y^ [^y{wy^ a{'iljy{w)) 



T\(j{w){TT{y)) ^[(j{i)y{w)) Vj/M 

f{w)T{a{'iijy{w)y^i)y{wyj 

f{w)f{ll)y{w)'^fT{ll)y{w)Y 
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so that, as announced, we obtain 

f(V'yM)^ = r{w) . 

In conclusion, we get a functor from ^^ to (5 mapping any f-morphism 

(K„y):f(r)^f(i?) 

induced by an element y oi L , where Ky denotes the corresponding conjuga- 
tion by y which actually fulfills t{Q-T) < {f{Q-R)Y , on the (S'-morphism 

(V'y,7f(y)):T^i? 

where tpy -.T ^ R \s the group homomorphism determined by the equality 

fR01py = KyOfT , 

tr and tt denoting the respective restrictions of f to i? and T ; indeed, it 
is clear that this correspondence maps the composition of £^-morphisms on 
the corresponding composition of £'-morphisms. Moreover, it is clear that 
this functor is faithful, and it follows from our argument above that any 
£'-morphism 

(ipxjx) : T — > R 

comes from an (£'-morphism from t{T) to f{R) . 

Moreover, for another triple L' , r' and vf' fulfilling the above conditions, 
the corresponding equivalences of categories 3.5.2 induce an equivalence of 
categories 

3-5.9 £ = <?(i,r'(Q),L') = £' ; 

in particular, we have a group homomorphism 

a:L^ £{f{Q)) - £'{t'{Q)) - L'/t'{Z) 

and we claim that Lemma 3.6 below applies to the finite groups L and V , 
with the Sylow p-subgroup t{P) of L, the Abelian normal p-group t'{Z) 
of L' and the group homomorphism cj : L — t- L'/t'{Z) above; indeed, the 
group homomorphism f{P) — )■ L' mapping f{u) on t'{u) , for any u (z P , 
clearly lifts the restriction of a and it is easily checked from the equi- 
valence 3.5.9 that it fulfills condition 3.6.1 below. Consequently, the last 
statement immediately follows from this lemma. We are done. 
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Lemma 3.6. Let L be a finite group, M a group, Z a normal Abelian 
p' -divisible subgroup of M and a : L ^^ M = M/Z a group homomorphism. 
Assume that, for a Sy low p- subgroup P of L , there exists a group homomor- 
phism T : P ^ M lifting the restriction of a to P and fulfilling the following 
condition 

3.6.1 For any subgroup R of P and any x € L such that R^ C P , there is 
y € M such that a{x) = y and t{u^) = T{uy for any u G R . 

Then, there is a group homomorphism a : L ^ M lifting a and extending r . 
Moreover, if a' :L —?■ M is a group homomorphism which lifts a and ex- 
tends T , then there is z a Z such that cr'{x) = a{xy for any x ^ L . 

Proof: It is clear that a determines an action of L on Z and it makes sense 
to consider the cohomology groups M'^(L,Z) and IHI"'(P, Z) for any n in N. 
But, M determines an element p, of IHI^(M, Z) [7, Chap. XIV, Theorem 4.2] 
and if there is a group homomorphism t :P ^>- M lifting the restriction of a 
then the corresponding image of /2 in H^(P, Z) has to be zero [7, Chap. XIV, 
Theorem 4.2]; thus, since the restriction map 

m2(l,z) — >m^{P,z) 

is injective [7, Ch. XII, Theorem 10.1], we also get 

(H2(a,idz))(A) = 

and therefore there is a group homomorphism a : L —?■ M lifting a . 

At this point, the difference between r and the restriction of o" to P 
defines a 1-cocycle 9 : P ^^ Z and, for any subgroup R of P and any x ^ L 
such that R^ C P , it follows from condition 3.6.1 that, for a suitable y ^ M 
fulfilling y = o[x) , for any u G R we have 

0(u^) = rK)-VK) 

consequently, since the map sending u G R to 

{ya{x)-'r\ya{x)-Y''^ G Z 
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is a 1-coboundary, the cohomology class ^ of is L-stable, and it follows 
again from [7, Ch. XII, Theorem 10.1] that it is the restriction of a suitable 
element f] £ H^(L, Z) ; then, it suffices to modify a by a representative of f/ 
to get a new group homomorphism o"' : L — )■ M lifting a and extending r . 

Now, if cj' : L ^ M is a group homomorphism which lifts a and ex- 
tends r, the element a'{x)a{x)~^ belongs to Z for any x € L and thus, 
we get a 1-cocycle X : L ^ Z mapping x G L on a'{x)a{x)~^ , which vanish 
over P ; hence, it is a 1-coboundary [7, Ch. XII, Theorem 10.1] and therefore 
there exists z £ Z such that 

A(x) = z~ a{x)za{x)^ 

so that we have cr'{x) = a{x)^ for any x £ L . We are done. 

3.7. Since Q normalizes a unitary full matrix O-subalgebra T of Bs such 
that [18, Theorem 1.6] 

3.7.1 Bs —TQ and rankc)(T) = 1 modp , 

the action of Q on T admits a unique lifting to a group homomorphism [18, 
1.8] 

Q — > Ker(detT) ; 

hence, we have 

Bs^T(g)o OQ 

and therefore Bs admits a unique two-sided ideal n^ such that, considering 
Bs/ns as a Q-interior O-algebra, there is an isomorphism 

Bs/ns ^ T 

of Q-interior O-algebras. Then, a canonical embedding fs'-Bs — > ResQ(B) 
[18, 2.8] and the ideal n^ determine a two-sided ideal n of S such that 
S = B/n is also a full matrix O-algebra. 

Proposition 3.8. With the notation above, the action of N on B stabi- 
lizes n . 

Proof: Since we have N = H -NciQs) , for the first statement we may 
consider x £ Ng^Qs) ; then, denoting by ax the automorphism of Q induced 
by the conjugation by a; , it is clear that the isomorphism 

/, : Res,jRes^(^)) ^ Res^(^) 
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of Q-interior algebras mapping a G B on a^ induces a commutative diagram 
of exterior homomorphisms of Q-interior algebras [18, 2.8] 

Res.,(Res^(^)) S Res^(S) 

fs \ T /<5 i 

(Ms 
Res^^ (Bs) ^ Bs 

moreover, the uniqueness of n^ clearly implies that this ideal is stabilized 
by (/x)<5 ; consequently, n is still stabilized by fx ■ 

3.9. In particular, N acts on the full matrix O-algebra S and therefore the 
action on S of any element x G N can be lifted to a suitable Sx £ S* ; thus, 
setting r = rankc)(S') , denoting by H the image of H in S* and considering a 
finite extension O' of O containing the group U of |i7|-th roots of unity and 
the r-th roots of det5(sa;) for any x (z N , since r divides \H\ , the pull-back 

N -^ Ant{0' (g)o S) 

t t 

determines a central extension iV of A^ by f7 , which clearly does not depend 
on the choice of O' ; moreover, the inclusion H < N and the structural group 
homomorphism H — >■ (C(8>o S)* induces an injective group homomorphism 
H —^ N with an image which is a normal subgroup of N and has a trivial 
intersection with the image of C/ — we identify this image with H and set 

N = N/H . 

We will consider the i?-interior A^- algebras (see [21, 2.1]) 

A = S°(^oA and B = S°(^oB 

and note that O' ^ A actually has an A^-interior algebra structure. 

3.10. On the other hand, since b is also a nilpotent block of the group 
H-P , it is easily checked that [18, 1.9] 

0{H-P)b/J{0{H-P)b)^k®oS ; 

moreover, since the inclusion map OH —?■ 0{H-P) is a semicovering of 
P-algebras [14, Example 3.9, 3.10 and Theorem 3.16], we can identify 7 
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with a local point of P on 0{H-P)b. Set 0{H-P)^ = i{0{H-P))i and 
S^ = iSi, where t is the image of i in 5 ; then, as in 3.7 above, we have an 
isomorphism of P-interior algebras [18, Theorem 1.6] 

3.10.1 0{H-P)^^SyP , 

S^ is actually a Dade P-algebra — namely, a full matrix P-algebra over 
O where P stabilizes an O-basis containing the unity element — such that 
rankolSy) = 1 mod p, and the action of P on Sy can be uniquely lifted to a 
group homomorphism P — ?• Ker(det5^) [18, 1.8], so that isomorphism 3.10.1 
becomes 

3.10.2 0{H-P)y^Sy®oOP . 

Proposition 3.11. With the notation above, the structural homomorphism 
B^ — > S^ of P-algebras is a strict semicovering. 

Proof: It follows from isomorphism 3.10.2 that the canonical homomor- 
phism of P-algebras 

3.11.1 0{H-P)y^ Sy 

admits a P-algebra section mapping s & S^y on the image of s (8> 1 by the 
inverse of that isomorphism, which proves that the P-interior algebra homo- 
morphism 3.11.1 is a covering [18, 4.14 and Example 4.25]; thus, since the 
inclusion map OH -^ 0{H -P) is a semicovering of P-algebras, the canonical 
homomorphism of P-algebras 



By = {OH)y -^ Sy 

remains a semicovering [14, Proposition 3.13]; moreover, since n < J{B) , it 
is a strict semicovering [14, 3.10]. 

3.12. Consequently, it easily follows from [14, Theorem 3.16] and [18, 
Proposition 5.6] that we still have a strict semicovering homomorphism of 
P-algebras 

3.12.1 {SyY (^O By ^ {Sy)° (^O Sy ^ EndoiSy) ] 

hence, denoting by 7 the local point of P over {Sy)° ^o^-f determined by 7 , 
the image of 7 in {Sy)° 0c> Sy is contained in the corresponding local point 
of P and therefore we get a strict semicovering homomorphism [18, 5.7] 

By^O^ {{SyY 0O Sy)y 
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of P-algebras; that is to say, any ? € 7 is actually a primitive idempotent 
in B and therefore, for any local pointed group Rg over B contained in P^ , 
it also belongs to e ; in particular, denoting by 5 the local point of Q over 
{S-y)° 0O S"/ determined by 5, we clearly have Bg = iBi = OQ (cf. 3.7.1). 

3.13. As in [14, 2.11], we consider the P-interior algebra Ay = lAi; since 
A is an N/H-graded algebra, A^ is also an N/H-graded algebra. On the 
other hand, since O' / J{0') = k , we get a group homomorphism w.U ^ k* 
and, setting /S.^{U) = {(ro('?)'C^^)}ce(7 ) ^^ obtain the obvious /c*-group 

n" = {k*xN)//\^{U) ■ 
then, with the notation of Theorem 3.5, we set [17, 5.7] 

3.13.1 L = Ress(iv') ; 

thus, 0*L becomes a P-interior algebra via the lifting f : P —?■ L of the 
group homomorphism t : P ^ L , and it has an obvious L/r((5)-graded al- 
gebra structure. The group homomorphism vf induces a group isomorphism 
L/t{Q) = N/H, through which we identify L/t{Q) and N/H , so that 0*L° 
becomes an N/H-graded algebra. 

Theorem 3.14. With the notation above, we have a P -interior and N/H- 
graded algebra isomorphism Ay = O^L . 

Proof: Choosing £ G 7 , we consider the groups 

M = N^-_^-y {Q-i)/k*-i and Z = {{im)^)*/k* -i ^ 1 + J{Z{OQ)) ; 

it is clear that Z is a normal Abelian p'-divisible subgroup of M , and we 
set M = M/Z . In order to apply Lemma 3.6, let P be a subgroup of P 
and y an element of L such that r(P) < t{PY ; since t{Q) is normal in L , 
we actually may assume that R contains Q . According to the equivalence 
of categories 3.5.2, denoting by e the unique local point of P on B fulfilling 
Re < -P7 [14, Theorem 6.6], there is Xy ^ N such that 
3.14.1 

Xy = Tt{y) , Pg < {Pyfy and r(^^f) = ^r(f) for any t; e P ; 

in particular, Xy normalizes Qs ■ 
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By Proposition 3.11, a local pointed group Rs on B such that 

Q5<Rs< P^ 

determines a local pointed group Rg on S through the composition 

(see [14, Proposition 3.15]). Since S^ has a P-stable O-basis, Sg still has a 
i?-stable O-basis and, by [18, Theorem 5.3], there are unique local pointed 
groups Rs on Ss and Ri on B such that /(/ C?) /) = / = (/ (g) /)/ for suitable 
I (z £, I (z e and / € e;. then, we claim that R^ < (P^)^^ and that Xy 
stabilizes Q^ . Indeed, since (i^e)^" < P-y, we have (-R^)^^ < P^ and then it 

follows from [18, Proposition 5.6] that we have {RiY^ < -Py or, equivalently, 
Ri < {P'yY^ ; moreover, since 5 is the unique local point of Q such that Qs is 
contained in Py , again by [18, Proposition 5.6] we can easily conclude that 
Xy stabilizes Q^ • 

In particular, since the image of i^y in B{Ri) is not zero [14, 2.7] and 
since i is primitive in B , i^y belongs to i and therefore, since i also belongs 
to i , there is ay € (B^)* such that i^y = £"" ; choose Sy G 5* lifting the 
action of Xy on S and set Xy = Sy ® Xy , so that we have 

Z — x'^y) 1 Xy , 

then, since Xy and a^ normalize Q ; the element XyCiy^ of A normalizes Q-i 
and therefore XyCiy^i determines an element ruy of M . We claim that the 
image fhy of ttIj, in M only depends on y S L and that, in the case where 
Pe = Qs 1 this correspondence determines a group homomorphism 

CT : L — > M . 

Indeed, if x' G A^ still fulfills conditions 3.14.1 then we necessarily have 
x' = Xy z for some z € Ch (R) and therefore it suffices to choose the element 
ciy-z of (B^)* in the definition above. On the other hand, if a' € (B^)* 
still fulfills i^y = 1°" then we clearly have a! = cay for some c G [B )* 
centralizing i, so that ci belongs to (iBz)^ ; hence, the image of Xya~^c 
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in M coincides with my . Moreover, in the case where R^ = Qs , for any 
element y' in L we clearly can choose Xyy' = Xy Xyi ; then, we have 



^Xy,-(ayfv' _ -ayi{ayfy' 
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and therefore, since dyi{ay)^y' still belongs to (B^)* , we clearly can choose 
ayy' = ay'{ay)^y' , so that we get 

Xyyi-a:yy,i = XyXyf{ayt{ayYy')~ 1 = {xy-a~^i){xyi-a~}i) 

which implies that myyi = rhy fhyi . This proves our claim. 

In particular, for any u £ P , we can choose x^(u) = u and a^(-u) = 1 ; 
moreover, since the action of P on S^ can be lifted to a unique group ho- 
momorphism g: P ^ Ker(det5^) [18, 1.8], we may choose x,-(^,) = q{u) (8> u ; 
then, it is clear that the correspondence r* mapping t{u) on the image of 
{Q{u)^u)i in M defines a group homomorphism from t{P) < L to M lifting 
the corresponding restriction of a . 

Finally, we claim that r* fulfills condition 3.6.1; indeed, coming back to 
the general inclusion t{R) < T{Py above, we clearly have a{y) = rhy and, 
according to the right-hand equalities in 3.14.1, for any v G R we get 

T*{T{v)y) = v^'y -i = {viry = t*{t{v))"'^ . 

Consequently, it follows from Lemma 3.6 that a can be lifted to a group ho- 
momorphism (T : L — 7> M extending r* ; moreover, the inverse image of (y{L) 
in N(i_^i\*{Q-i) is a /c*-group which is clearly contained in 

hence, according to definition 3.13.1, a still can be lifted to a /c*-group 
homomorphism 

mapping t{u) on u-i for any u G P ; hence, we get a P-interior and N/H- 
graded algebra homomorphism 



3.14.2 O^L — >A 
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We claim that homomorphism 3.14.2 is an isomorphism. 

Indeed, denoting by X < Nq^Qs) a set of representatives for N = N/H , 
it is clear that we have 

A= ^x-B 



and therefore we still have 



A = S®oA=^{s^®x){S<^oB) = ^{s^<^x)B ; 
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moreover, choosing as above an element a^ € (B^)* such that i^ = i""^ , it 
is clear that {sx (8) x)a~^B = {s^ ^ x)B for any x G X and therefore we get 

A^ = iAi = ^H{{sx (8) x)a~ i){iBi) ; 
xex 

thus, since we know that iBi = OQ and that L/t{Q) = N , denoting by 
Y < L a set of representatives for L/t{Q) and by y a lifting of y € 1" to L , 
we still get 

A^ = ^Hy)OQ 

y&Y 

which proves that homomorphism 3.14.2 is an isomorphism. 

Corollary 3.15. With the notation above, we have a P -interior and N/H- 
graded algebra isomorphism A-y = S^ ®o O-^L . 

Proof: Since A = S° ®o A and we have a P-interior algebra embedding 
O ^ S-y (gio S° [18, 5.7], we still have the following commutative diagram 
of exterior P-interior algebra embeddings and homomorphisms [14, 2.10] 

Ay — y Sy (g}o S° (E)o Ay 

/■ / t 

3.15.1 By — f Sy (^o S° (g)o By Sy(^oAy ^ Sy(^oO^L° ; 

Sy 0O By ^ Sy ^O OQ 

moreover, since the unity element is primitive in (Sy) and the kernel of the 
canonical homomorphism 



{Sy 0O OQf -^ {Sy 



,P 



is contained in the radical, the unity element is primitive in {Sy^oOQ)^ too; 
since P has a unique local point over Sy ®o S° ®o Ay [18, Proposition 5.6], 
from diagram 3.15.1 we get the announced isomorphism. 

3.16. Let us take advantage of this revision to correct the erroneous proof 
of [14, 1.15.1]. Indeed, as proved in Proposition 3.11 above, we have a strict 
covering of Q-interior /c-algebras 

3.16.1 k®oB5^k(^oSs 
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but not a strict covering k ^o ^ — ^ k ^o S of //-interior fc-algebras as 
stated in [14, 1.15]; however, it follows from [17, 2.14.4 and Lemma 9.12] 
that the isomorphism Bs{Qs) — Ss{Q) induced by homomorphism 3.16.1 
[18, 4.14] forces the embedding B{Qs) —5- S{Q^) where 6 denotes the local 
point of Q over S determined by 6 ; hence, we still have the isomorphism 
[14, 1.15.5] which allows us to complete the argument. 



4. Extensions of Glauberman correspondents of blocks 

In this section, we continue to use the notation in Paragraph 3.1, namely 
O is a complete discrete valuation ring with an algebraically closed residue 
field k of characteristic p ; moreover we assume that its quotient field /C has 
characteristic and is big enough for all finite groups that we will consider; 
this assumption is kept throughout the rest of this paper. 

4.1. Let yl be a cyclic group of order q, where g is a power of a prime. As- 
sume that G is an ^-group, that H is an ^-stable normal subgroup of G and 
that b is ^-stable. Note that, in this section, b is not necessarily nilpotent. 
Assume that A and G have coprime orders; by [15, Theorem 1.2], G acts 
transitively on the set of all defect groups of Ga and, obviously, A also 
acts on this set; hence, since A and G have coprime orders, by [11, Lemma 
13.8 and Corollary 13.9] A stabilizes some defect group of Ga and G"^ acts 
transitively on the set of them. Similarly, A stabilizes some defect group 
of Nj^ and N acts transitively on the set of them. Thus, we may assume 
that A stabilizes P < N and actually we ssume that A centralizes P ; recall 
that Q = PnH. 

4.2. Clearly i/^ is normal in G"^. We claim that A^"^ is the stabilizer 
of w{b) in G^. Indeed, for any x G G^, b^ is a block of H and Q^ is 
a defect group of 6^; since A stabilizes P and centralizes Q^, w(b^) makes 
sense. Note that G acts on Irrx:(i7) , that G acts on liiic{H ) and that the 
Glauberman correspondence Tr{G, A) is compatible with the obvious actions 
of G on lrrfc{H) and Ittic{H ). So we have 

lTTK{H^,w{b'')) = 7r{H,A){lTT,c{H,b^)) 

= niH,A)ilTT^iH,br) 

= {7T{H,A){lvv,c{H,b))r 

= liiK:{H^,w{b)r- 
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in particular, we get w(b^) = w(b)'^ and therefore we have w{b)^ = w{b) if 
and only if x belongs to N . We set 

w{c) = Tr^A{w{b)), w{l3) = {w{h)} and w{a) = {w{c)} 

Then w{f3) is a point of N^ on 0{H^), w{a) is a point of G^ on 0{H^), 
we have {N )yj(p-^ < (G )^(q,) and any defect group of {N )^(p-^ is a defect 
group of (G'^)„(a). 

4.3. Let *8 and tt;(*B) be the respective sets of ^-stable blocks of G covering 
h and of G covering w{b) . Take e € S ; since P is a defect group of Ga 
and c fulfills ec = e, e has a defect group contained in P and therefore, 
since A centralizes P , e has a defect group centralized by A ; hence, by 
[26, Proposition 1 and Theorem 1], w{e) makes sense and A stabilizes all 
the characters in lrric{G, e) ; that is to say, A stabilizes all the characters of 
blocks in *B. Moreover, by [11, Theorem 13.29], w{e) belongs to u;(*B). 

Proposition 4.4. The map w : ^ —?■ u'(*B), e >-^ w{e) is bijective and we 
have 

Irrc(G^, w{c)) = 7r(G, ^)(Irrc(G, c)^) . 

Proof. Assume that (7 € *B and w{e) = w{g) ; then there exist x £ Ii'^^k;(G, e) 
and (p £ Ii'i'c(G,5f) such that tt{G,A){x) = "^(G, A)(</>); but this contradicts 
the bijectivity of the Glauberman correspondence. Therefore the map w is 
injective. 

Take h G w(*8) ; then h covers w{b) and so there exist C G IrrK;(G , /i) 
and 7] S Ittic{H^, w{b)) such that 77 is a constituent of Res^A(C)- Set 

e = i7TiG,A)r\C) and i} = {n{H, A)r\r]) ; 

by [11, Theorem 13.29], 1? is a constituent of Res^(0) ; let / be the block 
of G acting as the identity map on a /CG-module affording 6 ; then / covers 
b and we have w{l) = h. Finally, we have 



7r(G, A)(Irrx;(G,c)^) = ^(G, ^)(Ueg<8lrrc(G, e)) 

= U^(e)g^(23)IrrK; 
= Irrc(G^,«;(c)) 



U,„(e)e,«(<8)Irr/c(G^,«;(e)) 



Proposition 4.5. P is a defect group of the pointed group (G )^(q). 
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Proof. It suffices to show tliat P is a defect group of {N )w(i3) (cf- 3.1); 
thus, without loss of generality, we can assume that G = N. Obviously, 
A stabilizes PH and b is the unique block of P-H covering the block b 
of H ; since P is a defect group of Ga and Njs , P is maximal in N such that 

Brp^(5) 7^ ; thus P is maximal in P-H such that Brp (6) 7^ ; there- 

fore P is a defect group of 6 as a block of P-H. Since A centralizes P, the 
Glauberman correspondent b' of 6 as a block of P-H makes sense; moreover 
by Proposition 4.4, b' covers w{b). Since w{b) is the unique block of P-H 
covering the block w{b) of H , b' = w{b), and then, by [26, Theorem 1], P is 

a defect group of w{b) as a block of P-H ; in particular, Brp {w{b)) 7^ 0. 
Since P is a defect group of Ga, by [14, Theorem 5.3] the image of P in 
the quotient group N/H is a Sylow p-subgroup of N/H ; but, the inclusion 
map N ^^ N induces a group isomorphism N^ /H = {N/H)^ ; hence, 
the image of P in N/H is a Sylow p-subgroup of N/H ; then, by [14, 

w{a) - 



Theorem 5.3] again, P is a defect group of {N 



4.6. We may assume that A stabilizes Py ; then A stabilizes Qs too (see 
[14, Proposition 5.5]). Let P be a subgroup such that Q < R < P and 
Rs a local pointed group on OH contained in Py. Since A stabilizes P^ 
and centralizes P, A centralizes R and then, by [14, Proposition 5.5], it 
stabilizes R^. Since Br^ (e) is a point of kCuiR), then there is a unique 
block be of OCh{R) such that Bi'^" {bes) = Brg'^(e) and, by [28, Lemma 
2.3], Cq{R) is a defect group of 6^; in particular, be is nilpotent. Obviously, 
A centralizes Cq{R) and, since A stabilizes Re and thus it stabilizes be, 
w{be) makes sense; moreover, w{be) is nilpotent and, since we have 

CHAiR) = Cc^^R^iA) , 
there is a unique local point w{e) of R on 0{H ) such that 
BTl^''^\w{e)w{be)) = Brg^^'") («;(£)) . 

Proposition 4.7. Pw('y) is a defect pointed group of {G )yj(a) o-i^d Qw{&) 
is a defect pointed group of {H )(^tf,\-i. 

Proof. By [21, Proposition 2.8], the inclusion map OH ^^ 0{P-H) is actu- 
ally a strict semicovering P- //-algebra homomorphism; hence, 7 determines 
a unique local point 7' of P on 0{P-H) such that 7 C 7'. Obviously, 6 is a 
block of P-H. Since /3 is also a point of P-H on OH and Py is also a defect 
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pointed group of the pointed group {P-H)p on OH^ by [14, Corollary 6.3] 
Py is a defect pointed group of the pointed group {P-H)p on 0{P-H). 
Let 6y be the block of Cp.h{P) such that 

Br?(^-^)(6,,V)=Br?(^-^)(V) ; 

then Z{P) is a defect group of h^i and therefore w{h^i) makes sense. Obvi- 
ously, h^i covers h^ and thus ■w{h^i) covers ■w{h^) (see Proposition 4.4); but, 
since w{b) is also the Glauberman correspondent of the block h oi P-H (see 
the first paragraph of the proof of Proposition 4.5), by [26, Proposition 4] 
we have 

this forces Bip {w{b)w{bj)) = Brp {w{by)), which implies that 
Pw(j) < {P-H )^(^) < (G )„(q,) ; 



hence, by Proposition 4.5, -P^(-y) is a defect pointed group of (G )t„(Q). 
The statement that (5^(5) is a defect pointed group of (i7 ){^(-j)} is clear. 

Lemma 4.8. Let Rg, and T^ be local pointed groups on B such that R is 
normal in T and that we have Qs < Re ^ P-y and Qs ^T^i ^ P-y- Then, we 
have Re < T^ if and only if we have 

Br^^-(^)(6,6,) = Br^^-(«)(6,) . 



Proof Obviously, ;B is a p-permutation P-i7-algebra (see [5, Def. 1.1]) 
by P-ff-conjugation and (T, Brf (6^)) and (i?, Br^(6e)) are (6, P-i7)-Brauer 
pairs (see [5, Def. 1.6]). Moreover T stabilizes 6^, and r/ and e are the unique 
local points of T and R on B (see [14, Proposition 5.5]) such that 

Brf (r?)Brf (6^) = Brf (??) and Brg(e)Br|(6e) = Brg(e) . 

Assume that Re < T^'-, then, there are h G r] and / G e such that 
hi = I = Ih ; thus, we have 

Brg(/i/) = Brg(0 and Brg(/i)Br|(6,) / . 

Then, it follows from [5, Def. 1.7] that 

(P,Br|(6,))c(r,Brf(6,)) 
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and from [5, Theorem 1.8] that we have Brj. " (b-qbs) = Br^, ^ ( 
Conversely, if we have 



^VJ 



BrJ^-(^)(6,6,) = BrJ^-(^)( 



^VJ 



then, by [5, Theorem 1.8] we still have Br^(ee/i) = Br^(/i) for any h ^ rj; 
hence, by the lifting theorem for idempotents, we get i?^ < T^- 

Let 7^ be a Dedekind domain of characteristic 0, tt be a finite set of prime 
numbers such that ITZ ^TZ for alH G vr , and X and Y be finite groups with 
X acting on Y . We consider the group algebra TZY and set 

Zid(7ey) = ®nc 

where c runs over all central primitive idempotents of TZY . Obviously, X acts 
on Z\^{TZY) and, in the case that X is a solvable vr-group, Lluis Puig exhibes 
a 7^-algebra homomorphism Ql^ : Z{a{71X) — > Z{a{1ZY-^) (see [21, Theorem 
4.6]), which unifies the usual Brauer homomorphism and the Glauberman 
correspondence of characters — called the Brauer- Glauberman correspon- 
dence. 

Proposition 4.9. Let Re and T^^ be local pointed groups on B such that 
Q5 < Re < -P7 and that Qs <T,ri < P-y. Then Re < T^ and Rw{e) ^ ^«)(»;) 
are equivalent to each other. 

Proof. By induction we can assume that R is normal and maximal in T; in 
particular, the quotient T/R is cyclic. In this case, it follows from Lemma 
4.8 that the inclusion Rw{e) ^ Tw{ri) is equivalent to 

4.9.1 Br'^^»''^^\w{be)w{br,)) = B4^»''^^\w{br,)) . 

Let Z be the ring of all rational integers and S be the complement set 
of pZ U gZ in Z ; then S" is a multiplicatively closed set in Z. We take the 
localization ^"^Z of Z at S* and regard it as a subring of /C ; since we assume 
that /C is big enough for all finite groups we consider, we can assume that 
/C contains an |//|-th primitive root oj of unity and we set 

Then 7?. is a Dedekind domain (see [2, Example 2 in Page 96 and Exercise 
1 in Page 99]) and given a prime /, we have ITZ ^ TZ if and only if / = p or 
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I = q. We consider the group algebra 1ZCh{R) and the obvious action of 
(T X A)/R ^ {T/R) y. Aon it. 

Since TZ contains an |i7|-th primitive unity root w, the blocks 6e, 6^,, 
w{hf.) and w(6^) respectively belong to 

Z,^{nCH{R)) , Zid{nCH{T)) , Z,^{1ZCha{R)) and Z,^{1ZCha{T)) 

(see [8, Charpter IV, Lemma 7.2]); then, by [21, Corollary 5.9], we have 

gf/^''\K) = w{b,) and gf/^^\h^) = w{K,) . 
If i?£ < T^, by Lemma 4.8 we have the equality 

Br$?^-(«)(6,6,) = Br^^-(^)(6,) 

which is equivalent to GlrpJ^ {he)\ = brj (see [21, 4.6.1 and the proof of 
Corollary 3.6]). Then by [21, 4.6.2], we have 

= girjR''\gi'A"'-''\be))gfA"'-^\b,) 

= gf^j^^''\w{b,))w{h,) . 

which is equivalent again to equality 4.9.1 above (see [21, 4.6.1 and the 
proof of Corollary 3.6] and therefore it implies -R^(e) < Tj^^n)- The prove 
that Rw(e) ^ T^{ri) implies Rg < T^ is similar. 

4.10. The assumptions and consequences above are very scattered; we col- 
lect them in this paragraph, so that readers can easily find them and we can 
conveniently quote them later. Let A be a cyclic group of order q, where q 
is a prime number; we assume that G is an A-group, that H is an A-stable 
normal subgroup of G , that b is vl-stable, that A centralizes P and stabi- 
lizes P^ , and that A and G have coprime orders. Without loss of generality, 
we may assume that P < N. Then, A centralizes Q and stabilizes Qs , so 
that the Glauberman correspondent w{b) of the block b makes sense; more- 
over, the block w{b) determines two pointed group (-/V'^)t„(/3) and (G'"^)„(-^) 
such that (iV"^)^(^) < {G^)^(^a) (see them in Paragraph 4.2)., and the local 
pointed groups P^ and Qs determine respective defect pointed groups -P^(-y) 
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and Qw{&) of (G'^)u,(q) and (i7"^)^(^-) (see Paragraph 4.6 and Proposition 
4.7); actually, by Proposition 4.9, we have Qw(^s) < Pw{-t)- Take w{i) G 1^(7) 
and w{j) € ^(5) , and set 

(OG^)^(^) = «;(i)(OG^)«;(i) , (Oi?^)»(^) = «;(i)(Oi?^)«;(i) 
and (0/7^) »(5) = w{3){OH^)w{j) ; 

then, (OG"^)j„(^) is a P-interior and (A^'^/ff"^)-graded algebra; moreover, 
the Q-interior algebra {OH ).^^ig\ with the group homomorphism 

Q^(^OH^)l^,^ , u^uw{j) 
is a source algebra of the block algebra OH w{b) (see [15]). 



5. A Lemma 

From now on, we use the notation and assumption in Paragraphs 3.1, 
3.2 and 4.10; in particular, we assume that the block 6 of i7 is nilpotent. 
Obviously, Ng{Qs) acts on Iicrjc{H,b) and IrriciQ) via the corresponding 
conjugation conjugation. Since b is nilpotent, there is an explicit bijection 
between Irr^(i^, 6) and lrric{Q) (see [27, Theorem 52.8]); in this section, 
we will show that this bijection is compatible with the A'^G'((55)-actions; 
our main purpose is to obtain Lemma 5.6 below as a consequence of this 
compatibility. 

5.1. For any x G NciQs), xjx~^ belongs to 6 and thus there is some 
invertible element Qx G B'^ such that xjx~^ = axja~^ ; let us denote by X 
the set of all elements {a~^x)j such that ax is invertible in S'^ and we have 
xjx"^ = axja: 



:^ when X runs over NciQs)- Set 

Eg(.Q5) = Ng{Qs)/QCh{Q) ; 
then, the following equality 

((«x^a;)ij-((a^^y)jj = ((a~^a:a~^x~^)xyji 



shows that X is a group with respect to the multiplication and it is easily 
5? 



checked that Q-{oi)* is normal in X and that the map 



5.1.1 Eg{Qs) -^ X/Q{B'^^ 
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sending the coset of x G Ng{Qs) in ^g{Qs)/QCh{Q) to the coset of (a^, ^x)j 
in X/Q{B^)* is a group isomorphism. 

5.2. We denote by Y the set of all such elements a^^x when x runs over 
^ciQs) and Qx over the invertible element of B'^ such that a~^x commutes 
with j. As in 5.1, it is easily checked that y is a group with respect to the 
multiplication 

{ax'^x)-{ay^y) = {ax'^xay^x~^)xy , 

that Y normalizes Q-{{OH)^)* and that the map 
5.2.1 Eg{Q5) -^ {Y.Q-{B'^y)/{Q-{B^r 

sending the coset of x € Ng{Qs) to the coset of a^^x in the right-hand 
quotient is a group isomorphism. 

5.3. Let / and J be the sets of isomorphism classes of all simple /C 0o 13- 
and /C^o^^-modules respectively. Cleraly, Y acts on / ; but, since Yr\{B'^)* 
acts trivially on /, the action of 1" on / induces an action of EciQs) on / 
through isomorphism 5.2.1; actually, this action coincides with the action of 
EciQs) on lTr!c{H, b) induced by the A'^(7((5,5)-conjugation. Similarly, X acts 
on J and this action of X on J induces an action of Eg{Qs) on J through 
isomorphism 5.1.1. But, by [15, Corollary 3.5], the functor M i-^- j'-M is an 
equivalence between the categories of finitely generated B- and ^B^-modules, 
which induces a bijection between the sets / and J. Then, since Y commutes 
with j and the map 

y — > X , y^yj 

is a group homomorphism, it is easily checked that this bijection is com- 
patible with the actions of Eg{Qs) on / and J. 

5.4. Recall that (cf. 3.7) 

5.4.1 Bs = T(^o OQ 

where T = FjudoiW) for an endo-permutation OQ-module W such that the 
determinant of the image of any element of Q in is one; in this case, the 
OQ-module W with these properties is unique up to isomorphism. Then, 
for any simple /C ^o .B^-module V there is a /CQ-module Vw, unique up to 
isomorphism, such that 

V^W(g)oVw 
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as /C ®o S^-modules; moreover the correspondence 

5.4.2 V ^Vw 

determines a bijection between J and the set of isomorphism classes of all 
simple /CQ-modules. Now, the composition of this bijection with the bijec- 
tion between isomorphism classes in 5.3 is a bijection from / to the set of 
isomorphism classes of all simple /CQ-modules; translating this bijection to 
characters, we obtain a bijection 

5.4.3 lrr!c{H,b)^lTTic{Q) , Xa ^ A ; 

let us denote by x ^ ^^^iciH, h) the image ofthe trivial character of Q . 

5.5. Moreover, the A''G'(Q5)-conjugation induces an action of Eg{Qs) on 
the set of isomorphism classes of all simple /CQ-modules and we claim that, 
for any simple /C (^o S^-module V and any x £ Eg{Q&) , we have a KQ- 
module isomorphism 



5.5.1 ^{Vw) = i^V) 



w 



in particular, bijection 5.4.2 is compatible with the actions of Eg{Qs) on J 
and on the set of isomorphism classes of simple /CQ-modules. Indeed, let x 
be a lifting of x in Ng{Qs) and denote by (px the isomorphism 



Q = Q , u \-^ xux ; 

take a lifting y = a~^xj of x in X through isomorphism 5.1.1; since the 
conjugation by y stabilizes Bs, the map 

fy : Bs = Res^^{Bs) , a^yay~'^ 

is a Q-interior algebra isomorphism; then, by [18, Corollary 6.9], we can 

?^)* in such a way that fy 



modify y with a suitable element of (S^)* in such a way that fy stabilizes T ; 
in this case, the restriction of fy to T has to be inner and thus we have 
W = Res/j^ (PF) as T- modules. Moreover, since the action of Q on T can be 
uniquely lifted to a Q-interior algebra structure such that the determinant 
of the image of any n G Q in T is one, fy also stabilizes the image of Q in T ; 
more precisely, fy maps the image of n G Q onto the image of ipx (u) . The 
claim follows. 

Lemma 5.6. With the notation above, 
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5.6.1. The irreducible character x is NGiQs)-stable and its restriction to 
the set Hpi of all p-regular elements of H is the unique irreducible Brauer 
character of H . 

5.6.2. The Glaubernian correspondent (p of x is NQA{Qwti\)- stable and 
its restriction to the set HA of all p-regular elements of H is the unique 
irreducible Brauer character of H . 

Proof. It follows from 5.3 and 5.5 that the bijection 5.4.3 is compatible with 
the actions of Eg{Qs) in Irrx:(-ff, 6) and Irrx;(Q) ; hence, x is EG{Qj)-stab\e 
and thus NQ{Qs)-stab\Q. Since is the unique irreducible constituent of 
RcSj^aIx) occurring with a multiplicity coprime to q and Nqa{Q.u,(^^)) is con- 
tained in NciQs), (p has to be iV^A (Q«,(5))-stable. By the very definition of 
the bijection 5.4.3, the restriction of x to Hp/ is the unique Brauer character 
of H. Since the perfect isometry R^^ between TZic{H,b) and TZk:{H^, w{b)) 
maps ip (z I onto ziziT{H,A){ip) and the blocks b and w{b) are nilpotent, by 
[3, Theorem 4.11] the decomposition matrices of b and w{b) are the same 
if the characters indexing their columns correspond to each other by the 



Brauer character of H . 



Glauberman correspondence; hence, the restriction of (j) to Hp) is the unique 



- - — - fc 

6. A /!;*-group isomorphism (A^ )^ = A^^ 

6.1. Let xH be an yl-stable coset in N. We consider the action of i:f x ^ on 
xH defined by the obvious action of A on xH and the right multiplication of 
H on xH ; since A and G have coprime orders, it follows from [11, Lemma 
13.8 and Corollary 13.9] that xH n A^ is non-empty and that H acts 
transitively on it; consequently, we have iV = {H-N^)/ H and the inclusion 
N C A^ induces a group isomorphism 

6.1.1 N^'^ N^ = {H-N'^)/H . 

Note that if G = i7-G^ then we have N"^ = N . 

6.2. It follows from Lemma 5.6 that A^ = H-Ng{Qs) stabilizes x ^-iid 

actually the central extension iV of iV by f7 in 3.9 above is nothing but the 
so-called Clifford extension of N over x i moreover, since A and U also have 

coprime orders, we can prove as above that N is a central extension of N 
by U , which is the Clifford extension of N over x ■ Since the Glauberman 
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correspondent w{b) is nilpotent, we can repeat all the above constructions 
for G , H , w{b) and A^ ; then, denoting by Ua the group of |// |-th roots 

of unity, we obtain a central extension N^ of N"^ = N by Ua , which is 
the Clifford extension of N over cp ', moreover, note that Ua is contained 
in U. 

6.3. At this point, it follows from [23, Corollary 4.16] that there is an 
extension group isomorphism 

6.3.1 N^^{U X N^)/A^i{Ua) 

where we are setting A^i{Ua) = {{C^^,0}^eUA 5 moreover, according to 
[21, Remark 4.17], this isomorphism is defined by a sequence of Brauer 
homomorphisms — in different characteristics — and, in particular, it is 
quite clear that it maps any y ^ H < N in the classes of (1, y) in the right- 
hand member, so that isomorphism 6.3.1 induces a new extension group 
isomorphism 

N^^{U X N^)/A^i{Ua) . 

Consequently, denoting by zua '■ Ua -^ k* the restriction of tu , we get a 
/c*-group isomorphism 

{N'f = (^{k*xN)/A,{U)y^{k*xN^)/A,{U) 

^ {k*xW)/A,^{UA) =N^ 
as announced. 
Remark 6.4. Note that if G = if -G^ then we have N^ = N. 



7. Proofs of Theorems 1.5 and 1.6 

7.1. The first statement in Theorem 1.5 follows from Propositions 4.4 
and 4.5. From now on, we assume that the block b of H is nilpotent; thus, 
the Glauberman correspondent w{b) is also nilpotent and {OG )w{c) is an 
extension of the nilpotent block algebra {OH )w{b). This section will be 
devoted to comparing the extensions OGc and OG w{c) of the nilpotent 
block algebras OHb and OH w{b). Applying Theorem 3.5 to the finite 
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groups G and H^ and the nilpotent block 'w{h) of H^, we get a finite 
group L and respective injective and surjective group homomorphisms 

r^.^P^L^ and vf^ : L^ ^ ]v^ 

such that 7f (r (li)) = u for any u G P, that Ker(7f ) = r (Q) and that 
they induce an equivalence of categories 

^iw{b), H^, G^) - ^(1, tA(Q), LA) ■ 

Similarly, we et L^ = res^A (A^"^ ) and denote by r^ : P ^ L^ the lifting 
of r ; then, by Corollary 3.15, there is a P-interior full matrix algebra w{S'y) 
such that we have an isomorphism 

7.1.1 (0(G^))^(^) ^ w{S^) ^o oS^° 

of both P-interior and N / H -graded algebras. 

Lemma 7.2. Assume that G = H-G^ . Then we have N = H-N^ , the 
inclusion N C N induces a group isomorphism N^ = N and there is a 
group isomorphism 

a : L^^L 

such that a o T = T and it o a = vf . 

Proof. For any subgroups R and T of P containing Q, let us denote by 

£(b,H,G){RiT) and S(^^(p)^ha^qa-){R,T) 

the respective sets of £(b,H,G)- ^^d ^(t«(M,H'4,G'*)"™°^P'^i^™s from T to R; 
since A acts trivially in £i^i,jjq){R,T), by [11, Lemma 13.8 and Corollary 
13.9] each morphism in £n,[jQ\{R,T) is induced by some element in N ; 
moreover, if Tj^ and R^ are local pointed groups contained in Py , it follows 
from Proposition 4.9 that we have Ty < {ReY fo^ some x € N if and only 
if we have r^(jy) < {Rw{£)Y ■ Therefore, we get 

^(6, H, G) (T, R) = £(w{h), H^, G-^) (^1 R) ■ 

At this point, it is easy to check that L, r and n fulfill the conditions in 
Theorem 3.5 with respect to G , H and the nilpotent block w{b). Then 
this lemma follows from the uniqueness part in Theorem 3.5. 
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Lemma 7.3. Assume that G = H-G . Then there is a k* -group isomor- 
phism a : L^ = L lifting a and fulfilling a o t^ = f . In particular, we 
have 

Irrc(G',c)=Irrc(G,c)^ . 

Proof The first statement is an easy consequence of 6.3 and Lemma 7.2; 
tlien, the last equality follows from Corollary 3.15. 

7.4. Proof of Theorem 1.6. Firstly we consider the case where the block h 
of H is not stabilized by G ; then we have an isomorphism 

Ind^(OiV6) ^ OGh 

of OG-interior algebras mapping 1 (g) a (8) 1 onto a for any a € ONh and an 
isomorphism 

hid%\{0{N'^)w{b)) ^ 0{G'^)w{b) 

of 0(G )-interior algebras mapping l(S)a0l onto a for any a € 0{N )w{b). 
Suppose that an 0{N x A^)-module M induces a Morita equivalence from 
0{N^)w{b) to ONb. Then it is easy to see that the ©(G^ x G)-module 
Ind^^^^(M) induces a Morita equivalence from OGc to 0{G'^)w{c) . So, 
we can assume that G = N and then we have G = N . 

By Corollary 3.15, there exists an isomorphism of both (A^/i7)-graded 
and P-interior algebras 

7.4.1 (OG)^ ^ S^ (^o oX ; 

denote by V^/ an OP-module such that Endc)(l^) = S^ ; choosing i G 7 and 
assuming that (OG)^ = i{OG)i , we know that the OGb ^o (C'G)°-module 
{OG)i determines a Morita equivalence from OGb to {OG).^ , whereas the 
(OG)-y (8>c) O^L-module Vy (>^o Ot^L determines a Morita equivalence from 
{OG)^ to 0*L° , so that the OGb ^o O^L- module 

{OG)i ^^oG), (n ®o OX) = {OG)i (^s, n 

determines a Morita equivalence from OGb to O^L . 

Similarly, choosing j G 5 such that ji = j = ij , assuming that j{OH)j = 
{OH)s and setting j-V.^ = Vs, so that Ss = EndoiVs) , the OHb (^o OQ- 
module 

{OH)j (g)(^oH)s [Vs ®o OQ) ^ {OH)j ®ss Vs 
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determines a Morita equivalence from OHb to OQ . 

Analogously, with evident notation, the 0{G )w{b) (Xio O^^L^- module 

0{G^)w{i) 0^(5,) w{V^) 

" — ^ ^ 
determines a Morita equivalence from 0(G )(6) to O* L^ , whereas the 

0{H^)w{b) ®o OQ-module 

determines a Morita equivalence from 0{H )w{h) to OQ . 

Consequently, identifying L^ with L through the isomorphism a (cf. 
Lemma 7.3), the 0{G x G^)-module 

D = {{OG)i ®s, V^) ®^^i^ {w{V^r 0^(5,) w{i)0{G^)) 

determines a Morita equivalence from OGh to 0{G^)w{h) , whereas the 
0{H X F^)-module 

M = {{OH)j ®s, Vs) ®oQ {w{V&r ®u,(s,) w{j)0{H^)) 

determines a Morita equivalence from OHh to 0{H )w{b) . 
Moreover, since we have the obvious inclusions 

{OH)j C {OG)i , SsCSy and Vs C V^ , 

it is easily checked that we have 

7.4.2 {OH)j^SsV5 = {OH)i^s-,VyC{OG)i®s,V^ ; 
in particular, we have an evident section 

{OG)i ^s, n -^ i<^H)j (g)ss Vs 

which is actually an OHb ®o OQ-module homomorphism. Similarly, we 
have a split 0{H^)w{b) ®o OQ-module monomorphism 

7.4.3 0{H^)w{j) 0^^ss) ^Vs) -^ 0{G^)w{i) 0^^s-,) w{V^) . 

In conclusion, the OHb^o OQ- and 0{H )w{b) (^o OQ-module homo- 
morphisms 7.4.2 and 7.4.3, together with the inclusion OQ C OL , determine 
an 0{H X H )-viiodn\e homomorphism 

7.4.4 M ^Res%lf^{D) 
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which actually admits a section too. Now, denoting by K the inverse image 
in G X G^ of the "diagonal" subgroup of {G/H) x (G^/ff^) , we claim that 
the product by K stabilizes the image of M in D , so that M can be extended 
to an OK-vnodvle. 

Actually, we have 

K={HxH^)-^{Nga{Q5)) , 

so that it suffices to prove that the image of M is stable by multiplication 
by A.{Nqa{Qs)) . Given x G Nqa{Qs), there are some invertible elements 
a^ G {OH)Q and b^ G (0(i7^))« such that 

xjx~ = axja~ and xw{j)x~ = bxw{j)b^ 

and therefore a~^x and b~^x respectively centralize j and w{j) , so that 
a~^xj and b~^xw{j) respectively belong to {OG)s and to (OG )^(5) ; but, 
according to isomorphisms 7.4.1 and 7.1.1, we have G/H- and G/iif -gra- 
ded isomorphisms 

{OG)s ^ Ss 0o 0,t and iOG^)^^s) = ^(85) ®o 0,t 

where we are setting w{Ss) = 'w{j)w{S.y)w{j) . 

Hence, identifying with each other both members of these isomorphisms 
and modifying if necessary our choice of ax , for some Sx £ Ss , tx G w{Ss) 
and Vx ^ L° , we get 

a'^xj = Sx®yx and b~^xw{j) =tx®yx ■ 

Thus, setting w{Vs) = tf (j)w(Ky) , for any a G {OH)j , any b G {OH^)w{j) , 
any v £ Vs and any w G w{Vs) , in D we have 

[x, x) ■ [a v) (E> {w b) = [xa (S>v)®{w® bx^^) 

= {xax" ax{a~ xj) (E> v) (S> {w (S> {w{j)x~ bx)b~ xbx" ) 

= {xax~ ttx ® Sx-v)-yx® Vx '{'^'^x '^^x xbx~ ) 
= {xax~^ax ® Sx-v) (E> {w-t^^ (g)b^^xbx^^) ; 

since xax~^ax and b~^xbx~^ respectively belong to {OH)j and w{j){OH^) , 
this proves our claim. 

Finally, since homomorphism 7.4.4 actually becomes an Oi^-module ho- 
momorphism, it induces an 0{G x G )-module homomorphism 

Ind|^^^(M)^Z) 
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which is actuaUy an isomorphism as it is easily checked. We are done. 

The following theorem is due to Harris and Linckelmann (see [9]). 

Theorem 7.5. Let G he an A-group and assume that G is a finite p- 
solvable group and A is a solvable group of order prime to \G\. Let b be 
an A-stable block of G over O with a defect group P centralized by A and 
denote by w{b) the Glauberman correspondent of the block b. Then the block 
algebras OGb and 0{G )w{b) are basically Morita equivalent. 

Proof. By [9, Theorem 5.1], we can assume that 6 is a G x A-stable block of 
Op'(G), where Opi{G) is the maximal normal p'-subgroup of G. Clearly b as 
a block of Op' (G) is nilpotent and thus OGb is an extension of the nilpotent 
block algebra OOpi{G)h. By [9, Theorem 5.1] again, w{h) is a G -stable 
block of Opi{G ) and thus is nilpotent; thus 0{G )w{b) is an extension of 
the nilpotent block algebra OOpi{G )w{b). By [9, Theorem 4.1], w{b) is 
also the Glauberman correspondent of 6 as a block of Opi{G). Then, by 
Theorem 1.6, the block algebras OGb and 0{G )w{b) are basically Morita 
equivalent. 

The following theorem is due to Koshitani and Michler (see [12]). 

Theorem 7.6. Let G be an A-group and assume that A is a solvable group 
of order prime to \G\. Let b be an A-stable block of G over O with a defect 
group P centralized by A and denote by w{b) the Glauberman correspondent 
of the block b. Assume that P is normal in G. Then, the block algebras OGb 
and 0{G )w{b) have isomorphic source algebras. 

Proof. Since P is normal in G, by [1, 2.9] there is a block bp of Cg{P) 
such that b = Ttq (bp), where G^p is the stabilizer of bp in G. Since 

A and G have coprime orders, by [11, Lemma 13.8 and Corollary 13.9], 
bp can be chosen such that A stabilizes bp. Since P is the unique defect 
group of b, P has to be contained in Gbp ; then by [14, Proposition 5.3], the 
intersection Z{P) = P fl Cg{P) is the defect group of bp and, in particular, 
bp is nilpotent. Thus the block OGb is an extension of the nilpotent block 
algebra 0{P-CG{P))bp and, in particular, we have N = Eg{Pj) ■ 

The Glauberman correspondent of bp makes sense and by [26, Proposi- 
tion 4], we have 

w{b) = Tvf^^. (w{bp)) . 



w(bp) 
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Since w{bp) has defect group Z{P), it is also nilpotent and thus 0{G )w{b) 
is an extension of the nilpotent block algebra 0{P-CQA{P))w{bp) ; once 
again, we have N^ = EQA{P^(^y^) . 

On the other hand, since P is normal in G , it follows from [17, Propo- 
sition 14.6] that 

(OG)^ ^ 0,{P y^ EciP-y)) and {OG^U^^ ^ 0,{P y^ Ega{P^(^.,))) ; 

but, it follows from 6.3 that we have a A;*-group isomorphism 

EaiPy) = Ega{P^^^)) . 

We are done. 
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